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TILTING MODULES UNDER SPECIAL BASE CHANGES
POOYAN MORADIFAR, SHAHAB RAJABI, AND SIAMAK YASSEMI
ABSTRACT. Given a non-unit, non-zero-divisor, central element x of a ring Λ, it is well
known that many properties or invariants of Λ determine, and are determined by, those of
Λ/xΛ and Λx. In the present paper, we investigate how the property of “being tilting”
behaves in this situation. It turns out that any tilting module over Λ gives rise to tilting
modules over Λx and Λ/xΛ after localization and passing to quotient respectively. On the
other hand, it is proved that under some mild conditions, a module over Λ is tilting if its
corresponding localization and quotient are tilting over Λx and Λ/xΛ respectively.
INTRODUCTION
Convention. Throughout this note, “ring” means an arbitrary ring with a non-zero unit,
unless otherwise stated. If Λ is a ring, by a “Λ-module” we mean a left Λ-module and
right Λ-modules are considered as left modules over Λop—the opposite ring of Λ. An
element x ∈ Λ is said to be regular on a Λ-moduleM if it is non-zero-divisor overM and
xM 6= M .
Notation. Given a ring Λ, the flat and the projective dimension of Λ-modules will be
denoted by fdΛ(−) and pdΛ(−) respectively. The global dimension and weak global di-
mension ofΛwill also be denoted by gldim(Λ) andw. gldim(Λ) respectively. For a central
element x ∈ Λ, we denote by Mx the localization of a Λ-module M with respect to the
multiplicatively closed subset {xn : n ∈ N0} of Λ. If R is the center of Λ, then for all
Λ-modules M and N , ExtnΛ(M,N) has an R-module structure and so we may form its
localization as an R-module with respect to {xn : n ∈ N0}, denoted by Ext
n
Λ(M,N)x.
Tilting theory is one of the major branches of representation theory of algebras which
originally was introduced in the context of finitely generated modules over artin algebras,
mainly through the work of Brenner and Butler [9], Happel and Ringel [20] and Hap-
pel [19]. The theory was later generalized to the setting of finitely generated modules over
associated rings by Miyashita [27], and extended to the setting of arbitrary modules over
associative rings by Angeleri-Hu¨gel et al. [2, 1]. One of the main themes of tilting the-
ory is to compare the properties of a ring and its tilted ring: Once a tilting module T is
detected over a ring Λ, one can look at the “tilted ring” EndΛ(T )
op which has in general
many representation-theoretic, (co)homological and K-theoretic properties and invariants
in common with the original ring Λ (see e.g. [30, Section 9]). This close connection be-
tween Λ and its tilted ring is in large part due to some equivalences induced by T between
certain subcategories of the module categories or derived categories of the two rings; see
e.g. [27], [18], [30], [6], [7] and also Remark (2.7).
In this note, we aim to study tilting modules under special base changes associated with
a central element of a ring. Generally speaking, base change theorems deal with ascent or
descent of invariants or properties of rings and their modules along a ring homomorphism
Λ −→ Λ′. As far as tilting theory is concerned, a basic question in this regard is that
when for a given tilting Λ-module T , the Λ′-module Λ′ ⊗Λ T is tilting? This problem
has already been addressed—for finitely generated tilting modules—by several authors
2010 Mathematics Subject Classification. Primary: 16G30, 16D90; Secondary: 16E10, 16S50.
Key words and phrases. Base change, Derived equivalence, Tilting class, Tilting module.
1
2 POOYAN MORADIFAR, SHAHAB RAJABI, AND SIAMAK YASSEMI
(e.g. [31], [26], [27], [16] and [3]) while the reverse problem, namely when Λ′ ⊗Λ T
being tilting implies T is tilting, has been less explored; see [32] for a relevant work in
this regard. This is partially due to the fact that one usually loses too much information
(e.g. finiteness of the projective dimension) in the “descent process”. The situation may
get better if we have another ring homomorphism Λ −→ Λ′′ at our disposal which in
a sense makes up for the “lost information”. This situation occurs particularly for some
special base changes associated with a central element of a ring: Given a central element
x of a ring Λ, we may form two new rings, namely Λx and Λ/xΛ, and then we may
consider base changes along the canonical ring homomorphisms Λ −→ Λx and Λ −→
Λ/xΛ. When Λ is commutative, this corresponds—from the algebro-geometric point of
view—to stratification of the affine scheme Spec(Λ) into the open subscheme Spec(Λx),
which corresponds to {p ∈ Spec(Λ)|x 6∈ p}, and its complement Spec(Λ/xΛ), which
corresponds to {p ∈ Spec(Λ)|x ∈ p}. The results of [28] and its sequel [29] bear witness
to the fact that when x is a non-unit, non-zero-divisor central element of a (not necessarily
commutative) ring Λ, there is a close relation between homological behavior of the ring Λ
on one hand, and homological behavior of the rings Λx and Λ/xΛ on the other hand. The
following result from [28] is an instance of this phenomenon, which will also be used in
the sequel.
(0.1). Theorem ([28, Theorem 3.2 and 3.4]). LetM be a module over a ring Λ. If x ∈ Λ
is a non-unit central element which is non-zero-divisor on Λ andM , then
(i) fdΛ(M) = max{fdΛ/xΛ(M/xM), fdΛx(Mx)}. If furthermoreM has a degree-
wise finitely generated projective resolution, then we may replace ‘flat dimen-
sion” with “projective dimension” in the equality.
(ii) w. gldim(Λ) ≤ max
{
1 + w. gldim(Λ/xΛ),w. gldim(Λx)
}
.
(iii) gldim(Λ) ≤ max
{
1 + gldim(Λ/xΛ), gldim(Λx)
}
provided that Λ is left noe-
therian.
Furthermore, the equality in parts (ii) and (iii) is attained provided that w. gldim(Λ/xΛ)
and gldim(Λ/xΛ) are finite respectively.
A tilting module is a module of finite projective dimension with some additional prop-
erties (see (1.6)), and we know in light of Theorem (0.1) that under certain mild conditions,
finiteness of the projective dimension of a module T over Λ forces and is forced by finite-
ness of the projective dimension of the “extended” modules Tx and T/xT over Λx and
Λ/xΛ respectively. This is our point of departure in studying tilting modules under special
base changes along Λ −→ Λx and Λ −→ Λ/xΛ. Our results can be divided into two parts
depending on the type of the tilting module under consideration, i.e. “classical” or “non-
classical”. The classical case is discussed in Theorem (2.1), where we prove that under
mild conditions the following bi-implication holds for a Λ-module T :
T is a classical n-tilting Λ-module⇐⇒
{
Tx is a classical n-tilting Λx-module
T/xT is a classical n-tilting Λ/xΛ-module
Furthermore, it is proved that EndΛx(Tx)
op ∼= Γx• and EndΛ/xΛ(T/xT )
op ∼= Γ/x•Γ,
where Γ := EndΛ(T )
op is the tilted ring of Λ via T , and x• is the central element of
Γ defined by multiplication by x. It is well known that classical tilting modules induce
equivalences on the level of derived categories (see e.g. [19] or [24]). In particular, when
the above bi-implication holds, there are derived equivalences D(Λ) ≃ D(Γ), D(Λx) ≃
D(Γx•) and D(Λ/xΛ) ≃ D(Γ/x•Γ), which implies a strong connection between Λ and
Γ as well as their corresponding localizations and quotients; see Remark (2.7) for more
details.
Regarding the non-classical case, the problem and of course its required arguments are
more subtle: It is proved in Theorem (2.8) that when x is regular on a Λ-module T , the
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implication
T is an n-tilting module =⇒ Tx and T/xT are n-tilting modules
holds. The reverse implication, however, is not true in general. In fact, as Example (2.9)
shows, even the following weaker form of the reverse implication does not hold in general.
Tx and T/xT are tilting modules =⇒ T is a partial tilting module.
In view of Theorem (2.10), this failure is in large part due to the fact that the class T⊥∞
might fail to be closed under direct sums. Indeed, we prove in Theorem (2.10) that when
T⊥∞ is closed under direct sums, the above-mentioned implication holds under some rea-
sonable conditions. In particular, T is a direct summand of a tilting module.
As a final introductory remark, it is worth mentioning that the relation between Λ, Λx
and Λ/xΛ, where x is a regular central element of Λ, is in many respects analogous to
the relation between the rings Λ, xΛx and Λ/ΛxΛ where x is an idempotent element. In-
deed, in this case we can still form the ring Λx and it is easily seen that Λx ∼= xΛx, and
the ring Λ/xΛ corresponds to the ring Λ/ΛxΛ. The interplay between various invariants
and properties of Λ, xΛx and Λ/ΛxΛ, where x is an idempotent element, is extensively
explored by Cline, Parshall and Scott via recollements of derived categories; see e.g. [10],
[11] and [12]. In fact, there is a necessary and sufficient condition for existence of a rec-
ollement ofD∗(Λ) relative toD∗(Λ/ΛxΛ) andD∗(xΛx)when x is an idempotent element;
see [12]. However, to the best of our knowledge, the existence of a similar recollement in
our setting, where x is a regular central element, is unknown in general.
1. PRELIMINARIES
In this section, we recall some notions and facts from approximation theory and tilting
theory, which will be used in the sequel. We begin with some notational remarks about
syzygies and orthogonal classes.
Notation. Given a ring Λ, the category of Λ-modules is denoted by Mod(Λ), and the full
subcategory of Mod(Λ) consisting of strongly finitely presented modules (i.e. Λ-modules
possessing a degreewise finitely generated projective resolution) is denoted by mod(Λ).
Furthermore, for every integer n ≥ 0, the category of Λ-modules of projective dimension
at most n is denoted by Pn and we also let P
<ω
n := Pn ∩mod(Λ).
LetM be a Λ-module and
P = · · · // P1
d1 // P0
d0 //M // o
be an augmented projective resolution of M . For every integer n ≥ 0, the Λ-module
Ωi(P) := Im dn is called the n-th syzygy module of M with respect to the projective
resolutionP.
Let Λ be a ring. For a class X of Λ-modules let
X⊥ :=
{
M ∈ Mod(Λ) : Ext1Λ(X,M) = o for allX ∈ X
}
,
and
⊥X :=
{
M ∈ Mod(Λ) : Ext1Λ(M,X) = o for allX ∈ X
}
.
These are called the right and the left orthogonal classes of X respectively. In the special
case where X consists of only one Λ-module T , we let T⊥ := {T }⊥ and ⊥T := ⊥{T }
for convenience.
(1.1).Definition. LetΛ be a ring. A continuous chain ofΛ-modules (indexed by an ordinal
κ) is a family {Mα}α≤κ of Λ-modules such that M0 = o, Mα ⊆ Mα+1 for any ordinal
α < κ, andMα =
⋃
β<αMβ for any limit ordinal α ≤ κ.
Given a class C ofΛ-modules, aΛ-moduleM is said to be C-filtered if there is a continu-
ous chain {Mα}α≤κ of submodules ofM such thatMκ = M and for every ordinal α < κ,
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the Λ-module Mα+1/Mα is isomorphic to some element of C. The family {Mα}α≤κ is
then called a C-filtration ofM .
The most important closure property of left orthogonal classes is that they are closed
under filtration, which is the theme of the following well-known lemma.
(1.2). Lemma (Eklof [13]). Let Λ be a ring and N be a Λ-module. If a Λ-module M is
⊥N -filtered, thenM ∈ ⊥N .
PROOF. See [17, Lemma 6.2]. 
Approximation theory of modules was founded independently by Auslander et al. [5, 4]
and Enochs [15]. The theory has many applications in representation theory of algebras
in general, and tilting theory in particular; see [17, Part (III)] for more information in this
regard. Here we recall some notions and facts from approximation theory which will be
needed in the sequel.
(1.3). Definition. Let Λ be a ring and X be a class of Λ-modules. A Λ-monomorphism
f :M −→ X withX ∈ X is called a special X -preenvelope ofM if Coker f ∈ ⊥X . The
class X is said to be special preenveloping if everyΛ-module has a special X -preenvelope.
The notion of a “special X -precover” and a “special precovering class” is defined dually;
cf. [17, Chapter 5].
The following celebrated theorem of Eklof and Trlifaj [14] states that special preen-
velopes are abundant.
(1.4). Theorem. Let Λ be a ring, S be a set of Λ-modules, and S+ := S ∪ {Λ}.
(i) For every Λ-moduleM there is a short exact sequence
δ = o // M
f // P // N // o
of Λ-homomorphism wherein P ∈ S⊥ and N is S-filtered. In particular, f :
M −→ P is a special S⊥-preenvelope ofM .
(ii) The class ⊥(S⊥) consists precisely of all Λ-modules which are direct summands
of S+-filtered modules.
PROOF. See [17, Theorem 6.11] and [17, Corollary 6.13]. 
Notation. Let Λ be a ring. For a class X of Λ-modules let
X⊥∞ :=
{
M ∈ Mod(Λ) : Ext>1Λ (X,M) = o for all X ∈ X
}
,
⊥∞X :=
{
M ∈ Mod(Λ) : Ext>1Λ (M,X) = o for all X ∈ X
}
.
We also let T⊥∞ := {T }⊥∞ and ⊥∞T := ⊥∞{T } for convenience.
(1.5). Corollary. Let T be a module over a ring Λ. If Ω is the set of all syzygy modules of
T with respect to some projective resolutionP of T , then T⊥∞ = Ω⊥. In particular, T⊥∞
is special preenveloping.
PROOF. The equality T⊥∞ = Ω⊥ holds by the fact that
Extn+1Λ
(
T,M
)
∼= Ext1Λ
(
Ωn(P),M
)
for every integer n ≥ 0. Since Ω is a set, it follows from Theorem (1.4) that T⊥∞ is
special preenveloping. 
(1.6). Definition. Let Λ be a ring and n ≥ 0 be an integer. A Λ-module T is called an
n-tilting module if
(T1): pdΛ(T ) ≤ n.
(T2): For every cardinal number κ, Ext>1Λ
(
T, T (κ)
)
= o (here T (κ) denotes the
direct sum of κ copies of T ).
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(T3): There is an exact sequence
o // Λ // T0 // · · · // Tm // o
wherein Ti ∈ AddΛ(T ) for all 0 ≤ i ≤ m.
Here AddΛ(T ) denotes the class of all Λ-modules which are direct summands of direct
sums of copies of T . When T is an n-tilting module, the ring Γ := EndΛ(T )
op is called
the tilted ring of Λ via T , and the triple (Λ, T,Γ) is called the n-tilting triple associated
with T . Note that T is a (Λ-Γ)-bimodule in the natural way. A Λ-module is called tilting
if it is n-tilting for some integer n ≥ 0.
An n-tilting Λ-module T is called a classical n-tilting module if it is strongly finitely
presented. It can be proved (see e.g. [17, page 301]) that an n-tilting Λ-module T is
classical n-tilting if and only if it satisfies the following “weaker” form of (T1)–(T3):
(t1): T possesses a degreewise finitely generated projective resolution of length at
most n.
(t2): Ext>1Λ (T, T ) = o.
(t3): There exists an exact sequence
o // Λ // T0 // · · · // Tm // o
of Λ-modules where Ti ∈ addΛ(T ) for i = 0, . . . ,m.
Here addΛ(T ) denotes the class of all Λ-modules which are direct summands of finite
direct sums of copies of T . The tilting triple associated with a classical n-tilting module is
called a classical n-tilting triple.
The following characterization of classical tilting modules, implicit in the work of
Miyashita [27, Section 1] and easily deduced from Wakamatsu [33, Proposition 5], will
be useful in the sequel.
(1.7). Proposition. Let Λ be a ring and T be a Λ-module. Let Γ := EndΛ(T )
op and
regard T as a (Λ-Γ)-bimodule in the natural way. Then the Λ-module T is a classical
n-tilting module if and only if the following conditions are satisfied:
(i) T has a degreewise finitely generated projective resolution of length at most n as
a Λ-module and as a Γop-module.
(ii) Ext>1Λ (T, T ) = Ext
>1
Γop(T, T ) = o.
(iii) The natural ring homomorphism Λ −→ EndΓop(T ) is an isomorphism.
As we explained in the introduction, in this note we are mainly concerned with a par-
ticular case of the following general “base change problem”: Given a ring homomorphism
Λ −→ Λ′, under what conditions a tilting Λ-module T induces an “extended” tilting Λ′-
module Λ′ ⊗Λ T ? To the best of our knowledge, the most general result in this regard is
due to Miyashita [27] as follows.
(1.8). Proposition. Let Λ −→ Λ′ be a ring homomorphism and assume that T is a Λ-
module such that TorΛ>1(Λ
′, T ) = o.
(i) If T is a classical n-tilting module and Ext>1Λ′ (Λ
′ ⊗Λ T,Λ
′ ⊗Λ T ) = o, then
Λ′ ⊗Λ T is a classical n-tilting Λ
′-module.
(ii) If T is an n-tilting module andExt>1Λ′ (Λ
′⊗ΛT,Λ
′⊗ΛT
(κ)) = o for any cardinal
number κ, then Λ′ ⊗Λ T is an n-tilting Λ
′-module.
PROOF. The result is proved for classical tilting modules in [27, Theorem 5.2], and the
same argument also applies to non-classical tilting modules. 
(1.9). Definition. Let Λ be a ring. A class C of Λ-modules is called an n-tilting class (for
some integer n ≥ 0) if there exists an n-tilting module T with C = T⊥∞ . The class C is
called tilting if it is n-tilting for some integer n ≥ 0.
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It is easily seen that every tilting class is coresolving in the sense that it is closed under
extensions and cokernel of monomorphisms, and it contains all injective Λ-modules. The
following result, due to Angeleri-Hu¨gel and Coelho [1], characterizes tilting classes among
coresolving classes in Mod(Λ).
(1.10). Theorem. Let Λ be a ring and n ≥ 0 be an integer. A class C of Λ-modules is
n-tilting if and only if the following conditions are satisfied:
(i) C is coresolving inMod(Λ), closed under direct sums and direct summands,
(ii) ⊥C ⊆ Pn,
(iii) C is special preenveloping.
PROOF. See [17, Theorem 13.18]. 
(1.11). Definition. Let Λ be a ring and n ≥ 0 be an integer. A Λ-module P is called a
partial n-tilting module provided that
(P1): pdΛ(P ) ≤ n,
(P2): Ext>1(P, P (κ)) = o for any cardinal number κ.
(P3): P⊥∞ is closed under direct sums.
(1.12).Remark. Given a partial tiltingΛ-moduleP , it follows directly fromTheorem (1.4)
and Theorem (1.10) that P⊥∞ = T⊥∞ for some n-tilting module T . With a little work
one can deduce from Theorem (1.10) that T can be chosen in such a way that it contains
P as a direct summand; see [17, Corollary 13.22].
One of the most significant properties of tilting classes is that they are of “finite type”
(see [8]) in the sense that they are of the form S⊥∞ for some S ⊆ P<ωn . This result yields
the following well-known correspondence between tilting classes and certain resolving
subcategories ofmod(Λ)which will be used later in proving our main results. Recall that a
class S of Λ-modules is called a resolving subcategory ofmod(Λ) if P<ω0 ⊆ S ⊆ mod(Λ),
S is closed under direct sums, direct summands and kernel of monomorphisms.
(1.13). Theorem. Let Λ be a ring and n ≥ 0 be an integer. Then there is a one-to-one
correspondence between n-tilting classes T and resolving subcategories S of mod(Λ)
such that S ⊆ P<ωn . The correspondence is given by the mutually inverse assignments
T 7−→ (⊥T ) ∩mod(Λ) and S 7−→ S⊥.
PROOF. See [17, Theorem 13.49]. 
2. MAIN RESULTS
Let Λ be a ring and x ∈ Λ be a non-unit central element. In this section we focus on the
subject matter of this paper, namely studying tilting modules under special base changes
along the canonical ring homomorphismsΛ −→ Λx and Λ −→ Λ/xΛ. Our results can be
divided into two parts, depending on the type of the tilting module under consideration, i.e.
classical or non-classical. Our first main result concerning classical tilting modules under
special bases changes is as follows.
(2.1). Theorem. Let Λ be a ring and fix a central element x ∈ Λ. Let T be a strongly
finitely presented Λ-module over which x is regular, and let Γ := EndΛ(T )
op. Denote by
x• the central element of Γ defined by t 7−→ xt for every t ∈ T .
(i) If (Λ, T,Γ) is a classical n-tilting triple, then
(
Λ/xΛ, T/xT,Γ/x•Γ
)
and
(Λx, Tx,Γx•) are classical n-tilting triples.
(ii) Assume that Λ is finitely generated as a module over a noetherian center and
x is also regular on Λ. If the Λx-module Tx and the Λ/xΛ-module T/xT are
classical n-tilting, then T is a classical n-tilting Λ-module.
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Before we proceed to prove Theorem (2.1), we need to prove some preparatory results.
We begin with the following two lemmas which will help us to relate vanishing of Ext-
modules over Λ to vanishing of Ext-modules over Λx and Λ/xΛ.
(2.2). Lemma. Let M be a module over a ring Λ and denote the center of Λ by R. Let
x ∈ R be regular on both Λ and M , and let x• : M −→ M be the Λ-homomorphism
defined by multiplication by x.
(i) If N is a Λ-module with xN = o, then ExtnΛ(M,N)
∼=R Ext
n
Λ
(M/xM,N) for
all n ≥ 0.
(ii) If Ext1Λ(M,M) = o, then
EndΛ(M)
x• EndΛ(M)
∼= EndΛ(M/xM) canonically as rings
and R/xR-modules.
PROOF. Part (i): Let Λ = Λ/xΛ and note that since xN = o, the Λ-module N naturally
acquires a Λ-module structure. Let P be a projective resolution of M . Since x is regular
on both Λ andM , TorΛ>1(Λ,M) = o. Therefore Λ ⊗Λ P is a projective resolution of the
Λ-moduleM/xM . Consequently,
ExtnΛ(M,N) = H−n
(
HomΛ(P, N)
)
∼=R H−n
(
HomΛ
(
P,HomΛ(Λ, N)
))
∼=R H−n
(
HomΛ(Λ⊗Λ P, N)
)
∼=R Ext
n
Λ
(M/xM,N) ,
for all n ≥ 0, as desired.
Part (ii): Applying the functorHomΛ(M,−) to the exact sequence
o // M
x // M // M/xM // o
of Λ-modules yields the exact sequence
o // EndΛ(M)
x• // EndΛ(M) // HomΛ(M,M/xM) // o
of R-modules in view of Ext1Λ(M,M) = o. Therefore,
EndΛ(M)/x• EndΛ(M) ∼=R HomΛ(M,M/xM)
∼=R EndΛ(M/xM) ,
where the second isomorphism is given by Hom-Tensor Adjunction. It is readily seen that
the canonical R-isomorphism EndΛ(M)/x• EndΛ(M) ∼= EndΛ(M/xM) is both a ring
isomorphism and R/xR-isomorphism. 
(2.3). Lemma. Let Λ be a ring with the center R and x ∈ R. Let M and N be Λ-
modules and, Λ := Λ/xΛ. if M is strongly finitely presented, then there is a natural
Rx-isomorphism
ExtiΛ(M,N)x
∼= ExtiΛx(Mx, Nx) .
for every integer i ≥ 0. The isomorphism is also a ring isomorphism when i = 0 and
M = N .
PROOF. Let us first prove the assertion for i = 0. In this case we should prove that there
is a natural Rx-isomorphism
HomΛ(M,N)x ∼= HomΛx(Mx, Nx) .
Note that the well-known natural isomorphisms
HomΛ(Λ, N)x ∼=Λx Nx
∼=Λx HomΛx(Λx, Nx)
give rise to the natural Rx-isomorphisms
HomΛ(Λ
n, N)x ∼= N
n
x
∼= HomΛx(Λ
n
x , Nx) (∗)
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for every integer n ≥ 0. SinceM strongly finitely presented, there exists an exact sequence
Λm // Λn // M // o
of Λ-modules, which yields the commutative diagram
o // HomΛ(M,N)x // HomΛ(Λ
n, N)x //
∼=

HomΛ(Λ
m, N)x
∼=

o // HomΛx(Mx, Nx) // HomΛx(Λ
n
x , Nx) // HomΛx(Λ
m
x , Nx)
of Rx-modules with exact rows, wherein the vertical Rx-isomorphisms are the natural
isomorphisms in (∗). These Rx-isomorphisms induce a natural Rx-isomorphism
θ : HomΛ(M,N)x
∼=
−→ HomΛx(Mx, Nx) .
Every element of HomΛ(M,N)x is of the form
f
xk , where f ∈ HomΛ(M,N) and k ≥ 0
is an integer, and it is straightforward to check that the Λx-homomorphism θ(f/x
k) :
Mx −→ Nx is defined by a/x
m 7−→ f(a)/xm+k. Consequently, θ is also a ring homo-
morphism whenM = N .
As for the proof of the case i > 0, let P be a degreewise finitely generated projective
resolution of M and note that Px is a projective resolution of the Λx-module Mx by
flatness of Λx over Λ. Now by validity of the assertion for the case i = 0, we have
the Rx-isomorphisms
ExtiΛx(Mx, Nx) = H−i
(
HomΛx(Px, Nx)
)
∼= H−i
(
HomΛ(P, N)x
)
∼=
(
H−iHomΛ(P, N)
)
x
∼= ExtiΛ(M,N)x .
This completes the proof. 
(2.4). Observation. Let Λ be a ring and x ∈ Λ be a central element. If M is a finitely
generated Λ-module, then M = o if and only if Mx = o andM/xM = o. Indeed, since
M is finitely generated, the equality Mx = o implies that there exists an integer n > 0
such that xnM = o. On the other hand, M/xM = o amounts to M = xM . Therefore,
M = xnM = o. The reverse implication holds obviously.
The following proposition explains when self-orthogonality of a module over Λ can be
detected from self-orthogonality of its corresponding localization and quotient overΛx and
Λ/xΛ respectively.
(2.5). Proposition. Let T and M be modules over a ring Λ. Assume that T is finitely
generated as a module over its left-noetherian endomorphism ring and the Λ-module M
is strongly finitely generated. Let x ∈ Λ be a central element and Λ := Λ/xΛ. If x
is non-zero-divisor over M , T and Λ, then for every integer n ≥ 0, ExtnΛx(Mx, Tx) =
Extn
Λ
(M/xM,T/xT ) = o implies ExtnΛ(M,T ) = o.
PROOF. Let Γ := EndΛ(T ) and denote by x• the central element of Γ defined by t 7−→ xt
for all t ∈ T . Notice that for every integern the abelian groupExtnΛ(M,T ) has a Γ-module
structure induced by the Γ-module structure of T , and it follows from the assumptions that
the Γ-module ExtnΛ(M,T ) is finitely generated. Now, since by the hypothesis x is a non-
zero-divisor over T , the short exact sequence
o // T
x // T // T/xT // o
yields the exact sequence
ExtnΛ(M,T )
x• // ExtnΛ(M,T )
// ExtnΛ(M,T/xT ) (2-1)
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for every integer n ≥ 0. Since ExtnΛ(M,T/xT ) = Ext
n
Λ
(M/xM,T/xT ) = o
by Lemma (2.2)-(i), it follows from the exact sequence (2-1) that ExtnΛ(M,T ) =
x• Ext
n
Λ(M,T ). On the other hand, Ext
n
Λ(M,T )x• = o by the hypothesis. Therefore,
ExtnΛ(M,T ) = o by Observation (2.4). 
(2.6). Remark. The assertion of Proposition (2.5) is valid in particular when Λ is finitely
generated as a module over a notherian center, and the Λ-modules T and M are finitely
generated.
We are now in a position to prove Theorem (2.1).
PROOF OF THEOREM (2.1). Let Λ := Λ/xΛ and T := T/xT . Denote the center of Λ by
R.
Part (i): Since Ext1Λ(T, T ) = o, it follows from Lemma (2.2)-(ii) and (2.3) that there are
canonical ring isomorphisms Γ/x•Γ ∼= EndΛ(T/xT )
op and Γx•
∼= EndΛx(Tx)
op. Notice
that since T is a tilting module and x is regular on T , the property (T3) in the definition of
a tilting module implies that x is regular on Λ too. This in conjunction with flatness of Λx
over Λ implies that TorΛ>1(Λ, T ) = Tor
Λ
>1(Λx, T ) = o. Therefore, by Proposition (1.8),
in order to prove part (i) it suffices to show that Ext>1Λx (Tx, Tx) = Ext
>1
Λ
(T , T ) = o. Note
that
ExtnΛx(Tx, Tx)
∼=Rx Ext
n
Λ(T, T )x , (2-2)
Extn
Λ
(T , T ) ∼=R Ext
n
Λ(T, T ) , (2-3)
for every integer n ≥ 1, where (2-2) follows from Lemma (2.3) and (2-3) follows from
Lemma (2.2)-(i). Now (2-2) in view of Ext>1Λ (T, T ) = o implies Ext
>1
Λx
(Tx, Tx) = o. On
the other hand, the short exact sequence
o // T
x // T // T/xT // o
of Λ-modules induces the exact sequence
ExtnΛ(T, T ) // Ext
n
Λ(T, T ) // Ext
n+1
Λ (T, T ) (2-4)
of R-modules for every integer n ≥ 1. Now (2-4) in view of Ext>1Λ (T, T ) = o and (2-3)
implies that Ext>1
Λ
(T , T ) = o, and this completes the proof of Part (i).
Part (ii): Let Γ := EndΛ(T )
op and regardT as a Γop-module in the usual way. Note that
R is noetherian by the hypothesis and theR-algebraΓ is finitely generated as a module over
R. Therefore, Γ is noetherian and the Γop-module T is finitely generated. In particular, T
is strongly finitely presented as a module over Λ and Γop. Furthermore, it is readily seen
that x• is regular on Γ and the Γ
op-module T . Now to prove the assertion it suffices to
show that the Λ-module T satisfies the conditions (i)–(iii) of Proposition (1.7). We prove
this in three steps:
STEP 1. Since pdΛx(Tx) ≤ n and pdΛ(T/xT ) ≤ n and T is strongly finitely presented
over Λ, pdΛ(T ) ≤ n by Theorem (0.1)-(i). Furthermore, Proposition (2.5) shows that
Ext>1Λ (T, T ) = o, and so there are ring isomorphisms Γ/x•Γ
∼=Γ EndΛ(T/xT )
op and
Γx•
∼= EndΛx(Tx)
op by Lemma (2.2)-(ii) and Lemma (2.3) respectively.
STEP 2. By STEP 1, Γx• is tilted from Λx via the classical n-tilting Λx-module Tx and
Γ/x•Γ is tilted from Λ/xΛ via the classical n-tilting Λ/xΛ-module T/xT . By Proposi-
tion (1.7),
pdΓopx• (T ) ≤ n and pdΓ
op(T/x•T ) ≤ n , (∗)
and
Ext>1
Γopx•
(Tx• , Tx•) = Ext
>1
Γ
op(T/x•T, T/x•T ) = o . (∗∗)
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Now (∗) in conjunction with Theorem (0.1)-(i) implies that pdΓop(T ) ≤ n, and (∗∗) in
view of Lemma (2.3) implies that Ext>1Γop(T, T ) = o.
STEP 3. To complete the proof we need to show that the natural ring homomorphism ρ :
Λ −→ EndΓop(T ), which maps every λ ∈ Λ to the Γ
op-homomorphism λ• : T −→ T de-
fined by multiplication by λ, is an isomorphism. Note that ρ is also an R-homomorphism,
which induces the R/xR-homomorphism ρ : Λ/xΛ −→ EndΓop(T )/xEndΓop(T ) and
Rx-homomorphism ρx : Λx −→ EndΓop(T )x. By Proposition (1.7) we already know
that the natural ring homomorphisms Λ/xΛ
∼=
−→ End(Γ/x•Γ)op(T/x•T ) and Λx
∼=
−→
EndΓopx• (Tx•) are isomorphisms. The ring isomorphismΛ/xΛ
∼=
−→ End(Γ/x•Γ)op(T/x•T )
in view of Lemma (2.2)-(ii) implies that the R/xR-homomorphism ρ is an isomorphism
and the ring isomorphism Λx
∼=
−→ EndΓopx• (Tx•) in view of Lemma (2.3) implies that the
Rx-homomorphism ρx is an isomorphism. Therefore,
(Ker ρ)x = Ker(ρx) = o (2-5)
(Coker ρ)x = Coker(ρx) = o , (2-6)
and
Cokerρ
x(Coker ρ)
= Coker ρ = o . (2-7)
Since Kerρ is a submodule of Λ and x is non-zero-divisor on Λ, x is also a non-zero-
divisor on Ker ρ and thereforeKer ρ = o in view of (2-5). Furthermore, Observation (2.4)
in conjunction with (2-6) and (2-7) implies that Coker(ρ) = o. Therefore, ρ is a ring
isomorphism. 
(2.7). Remark. Let Λ be a ring and denote by D(Λ) the derived category of Λ. It is well
known (see e.g. [30] and [25]) that given a classical n-tilting triple (Λ, T,Γ), there are
mutually inverse equivalences
D(Λ)
RHomΛ(T,−) //
∼ D(Γ)
T ⊗L
Γ
−
oo .
Now if x ∈ Λ is a central element which is regular on Λ and T , then by Theorem (2.1) we
have also the mutually inverse equivalences
D(Λx)
RHomΛx (Tx,−)//
∼ D(Γx•)
Tx ⊗
L
Γx•
−
oo
D(Λ)
RHomΛ(T ,−) //
∼ D(Γ)
T ⊗L
Γ
−
oo
where Λ := Λ/xΛ, Γ := Γ/x•Γ and T := T/xT . This establishes a close relationship
between various properties or invariants of Λx and Γx• , as well as Λ and Γ. For example, it
follows from the above equivalences or the Tilting Theorem (see [27, Corollary 2.4]) that
gldim(Λ)− pdΛ(T ) ≤ gldim(Γ) ≤ gldim(Λ) + pdΛ(T ) ,
gldim(Λx)− pdΛx(Tx) ≤ gldim(Γx•) ≤ gldim(Λx) + pdΛx(Tx) ,
gldim(Λ/xΛ)− pdΛ/xΛ(T/xT ) ≤ gldim(Γ/x•Γ) ≤ gldim(Λ/xΛ) + pdΛ/xΛ(T/xT ) .
In particular, we have the following bi-implications:
gldim(Λ) < +∞ ⇐⇒ gldim(Γ) < +∞ ,
gldim(Λx) < +∞ ⇐⇒ gldim(Γx•) < +∞ ,
gldim(Λ) < +∞ ⇐⇒ gldim(Γ) < +∞ .
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Furthermore, when Λ is finitely generated over a noetherian center, the above inequalities
in conjunction with Theorem (0.1) yield the following bi-implications:
gldim(Λ) < +∞ ks +3
KS

gldim(Γ) < +∞
KS

gldim(Λx), gldim(Λ) < +∞ ks +3 gldim(Γx•), gldim(Γ) < +∞
We are now going to study non-classical tilting modules under special base changes.
As we shall see, the required arguments in this case are more subtle due to lack of usual
finiteness conditions on the tilting module under consideration, but this defect can be com-
pensated by the “finite type property” of tilting modules (recall (1.13)). We begin with the
following non-classical version of Theorem (2.1)-(i):
(2.8). Theorem. Let Λ be a ring and x ∈ Λ be a central element. Let T be a Λ-module on
which x is regular, and let Γ := EndΛ(T )
op. Denote by x• the central element of Γ defined
by t 7−→ xt for every t ∈ T . If (Λ, T,Γ) is an n-tilting triple, then
(
Λ/xΛ, T/xT,Γ/x•Γ
)
and (Λx, Tx,Γx•) are n-tilting triples too.
PROOF. Let Λ := Λ/xΛ and T := T/xT . Notice that since T is an n-tilting mod-
ule and x is regular on T , the property (T3) in the definition of a tilting module implies
that x is regular on Λ too. This, in conjunction with flatness of Λx over Λ, implies that
TorΛ>1(Λx, T ) = Tor
Λ
>1(Λ, T ) = o. Thus, in order to prove that
(
Λ/xΛ, T/xT,Γ/x•Γ
)
and (Λx, Tx,Γx•) are n-tilting triples, it suffices by Proposition (1.8), to show that for
every cardinal number κ,
Ext>1
Λ
(
T , T
(κ))
= Ext>1Λx
(
Tx, (Tx)
(κ)
)
= o ,
and the canonical ring homomorphisms Γ/x•Γ −→ EndΛ(T ) and Γx• −→ EndΛx(Tx)
are isomorphisms. We prove these in several steps.
STEP 1. Since Ext1Λ(T, T ) = 0 and x is regular on both Λ and T , the canonical ring
homomorphism Γ/x•Γ −→ EndΛ(T ) is an isomorphism and the Z-isomorphisms
Extn
Λ
(
T , T
(κ)) ∼= ExtnΛ (T, (T/xT )(κ)) ∼= ExtnΛ (T, T (κ)xT (κ) ) (2-8)
hold for every integer n ≥ 1 by Lemma (2.2). On the other hand, the exact sequence
o // T
x // T // TxT
// o
of Λ-modules induces the exact sequence
ExtnΛ(T, T
(κ)) // ExtnΛ
(
T, T
(κ)
xT (κ)
)
// Extn+1Λ (T, T
(κ)) (2-9)
of Z-modules for every integer n ≥ 1 and every cardinal κ. Now (2-9) in view of
Ext>1Λ (T, T
(κ)) = o and (2-8) implies that Ext>1
Λ
(
T , T
(κ))
= o.
STEP 2. Since the class T⊥∞ is n-tilting, it follows from Theorem (1.13) that there
exists a resolving subcategory S ofmod(Λ) contained in P<ωn such that T
⊥∞ = S⊥. IfΩ
is the set of all syzygy modules of T with respect to some projective resolution of T , then
the equality T⊥∞ = S⊥ implies ⊥(S⊥) = ⊥(Ω⊥) by Corollary (1.5). From this one can
deduce using Theorem (1.4)-(ii) that:
(I): Since Ext>1Λ (T, T ) = o, T ∈
⊥(Ω⊥) and so T is a direct summand of some
S-filtered moduleM .
(II): Since S ⊆ ⊥(S⊥) = ⊥(Ω⊥), every element of S is a direct summand of some
Ω
+-filtered module whereΩ+ := Ω ∪ {Λ}.
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We use these facts in the next two steps to show that the canonical ring homomorphism
Γx• −→ EndΛx(Tx) is an isomorphism, and that Ext
>1
Λx
(
Tx, (Tx)
(κ)
)
= o for every
cardinal κ.
STEP 3. In order to prove that the canonical homomorphismΓx• −→ EndΛx(Tx) is an
isomorphism, it suffices by part (I) of STEP 2 to show that the canonicalZ-homomorphism
θM : HomΛ(M,T )x −→ HomΛx(Mx, Tx) is an isomorphism. Let {Mα}α≤σ be a S-
filtration of the Λ-module M . In order to prove θM is a Z-isomorphism, we may prove
by transfinite induction that for every ordinal number α with α ≤ σ, the canonical Z-
homomorphism θMα : HomΛ(Mα, T )x −→ HomΛx
(
(Mα)x, Tx
)
is an isomorphism.
SinceM0 = o, it is clear that θMα is a Z-isomorphism for α = 0. Assume now that θMα
is an isomorphism for some ordinal α < σ, and consider the short exact sequence
o // Mα // Mα+1 // Mα+1/Mα // o (2-10)
of Λ-modules as well as the induced short exact sequence
o // (Mα)x // (Mα+1)x //
(
Mα+1/Mα
)
x
// o (2-11)
ofΛx-modules. Applying the functorHomΛ(−, T ) to (2-10) and the functorHomΛx(−, Tx)
to (2-11) we obtain the exact sequences
o // HomΛ
(Mα+1
Mα
, T
) // HomΛ(Mα+1, T ) // HomΛ(Mα, T ) // Ext1Λ
(Mα+1
Mα
, T
)
(2-12)
and
o // HomΛx
(
(
Mα+1
Mα
)x, Tx
) // HomΛx
(
(Mα+1)x, Tx
) // HomΛx
(
(Mα)x, Tx
)
// Ext1Λ
(
(
Mα+1
Mα
)x, Tx
)
(2-13)
of Λ-modules. The Λ-module Mα+1/Mα is a direct summand of a Ω
+
T -filtered module
by part (II) in STEP 2. On the other hand, every element of Ω+T belongs to
⊥T because
Ext>1Λ (T, T ) = o. Therefore, Mα+1/Mα belongs to
⊥T by Eklof Lemma (1.2). Thus
Ext1Λ
(Mα+1
Mα
, T
)
= o, and from this one concludes in view of Lemma (2.3) that
Ext1Λ
(
Mα+1/Mα, T
)
x
∼=Z Ext
1
Λx
(
(Mα+1/Mα)x, Tx
)
= o .
Therefore, the exact sequences (2-12) and (2-13) yield the commutative diagram
o // HomΛ
(
Mα+1
Mα
, T
)
x
//
θMα+1
Mα

HomΛ(Mα+1, T )x //
θMα+1

HomΛ(Mα, T )x //
θMα

o
o // HomΛx
(
(
Mα+1
Mα
)x, Tx
)
// HomΛx
(
(Mα+1)x, Tx
)
// HomΛx
(
(Mα)x, Tx
)
// o
of Z-modules with exact rows. The map θMα is an isomorphism by the inductive hypoth-
esis and the map θMα+1
Mα
is an isomorphism by Lemma (2.3). Therefore, θMα+1 is an iso-
morphism by Short Five Lemma. Finally, if α ≤ σ is a limit ordinal and θMβ is an isomor-
phism for all β < α, thenMα = lim−→β<α
Mβ which implies that (Mα)x = lim−→β<α
(Mβ)x.
Therefore, we have the following commutative diagram
HomΛ(Mα, T )x
θMα //
∼=

HomΛx
(
(Mα)x, Tx
)
∼=

lim
←−
β<α
HomΛ(Mβ , T )x
lim
←−
β<α
θMβ
// lim
←−
β<α
HomΛx
(
(Mβ)x, Tx
)
.
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of Z-modules where the vertical arrows are the canonical isomorphisms. Since by the hy-
pothesis each θMβ is an isomorphism for every β < α, the map lim←−β<α
θMβ and hence
θMα is an isomorphism. This implies by transfinite induction that the canonical map θM is
an isomorphism, and this completes the proof of the fact that the canonical ring homomor-
phism Γx• −→ EndΛx(Tx) is an isomorphism.
STEP 4. We conclude the proof by showing that Ext>1Λx
(
Tx, T
(κ)
x
)
= o for every
cardinal number κ. By part (I) in STEP 2, the Λ-module T is a direct summand of a S-
filtered module M . Since the Λx-module Tx is a direct summand of Mx, we may prove
Ext>1Λx
(
Tx, T
(κ)
x
)
= o by showing that Ext>1Λx
(
Mx, T
(κ)
x
)
= o or equivalently Mx ∈
⊥
(
T
(κ)
x
)
. Let Sx := {Cx : C ∈ S}. Since M is S-filtered and Λx is flat over Λ, the
Λx-moduleMx is Sx-filtered. Note that every element of S is a direct summand of a Ω
+-
filtered module and every element of Ω+ belongs to ⊥(T (κ)) because Ext>1Λ (T, T
(κ)) =
o. Therefore, S ⊆ ⊥(T (κ)) by Eklof Lemma (1.2), which implies by Lemma (2.3) that
Sx ⊆
⊥(T
(κ)
x ). Therefore, the Λx-module Mx is
⊥(T
(κ)
x )-filtered and hence belongs to
⊥(T
(κ)
x ) by Eklof Lemma (1.2). The proof is thus complete. 
Unlike the classical case (cf. Theorem (2.1)-(ii)), the converse of Theorem (2.8) does
not hold in general, as the following example shows.
(2.9). Example. Let Λ := Z(2) be the localization of Z at the prime ideal (2) and note
that Z(2) is a DVR whose field of fractions is Q. Let T := Q ∐ Z(2) and note that the
central element x := 2 ∈ Λ is regular on both Λ and T . Since Λ/xΛ and Λx are fields,
the Λ/xΛ-module T/xT and the Λx-module Tx are tilting while the Λ-module T is not
self-orthogonal and hence cannot be a (partial) tilting module.
However, we can prove the following partial converse to Theorem (2.8) under some
relatively reasonable conditions.
(2.10). Theorem. Let Λ be a ring over which every Λ-module of finite flat dimension is
also of finite projective dimension (see Remark (2.11)). Let T be a Λ-module such that
T⊥∞ is closed under direct sums and let x ∈ Λ be a central element which is regular on Λ
and T .
(i) If the Λx-module Tx and the Λ/xΛ-module T/xT are of finite projective dimen-
sion, then T⊥∞ is a tilting class.
(ii) Assume thatEndΛ(T ) is left-noetherian andT is finitely generated as anEndΛ(T )-
module. If the Λx-module Tx and the Λ/xΛ-module T/xT are tilting, then T is
a partial tilting module. In particular, T is a direct summand of a tilting module.
PROOF. Let Λ := Λ/xΛ and T := T/xT .
Part (i): Since by the hypothesis pdΛx(Tx) and pdΛ(T ) are finite, it follows from The-
orem (0.1)-(i) and the hypothesis that n := pdΛ(T ) < +∞. In particular, T ∈ Pn implies
⊥(T⊥∞) ⊆ ⊥(P⊥n ) = Pn. The class T
⊥∞ is closed under direct sums by the hypoth-
esis, and it is also coresolving and closed under direct summands. Furthermore, T⊥∞
is special preenveloping by Corollary (1.5). Consequently, T⊥∞ is an n-tilting class by
Theorem (1.10).
Part (ii): The proof of this part proceeds in two steps:
STEP 1. Since the Λx-module Tx and the Λ/xΛ-module T/xT are tilting, the class
T⊥∞ is tilting by part (i) of the theorem. Thus, it follows from Theorem (1.13) that T⊥∞ =
S⊥ for some resolving subcategory S of mod(Λ) contained in P<ωn . Let ΩT be the set
of syzygy modules of T with respect to a projective resolution PT of T , and note that
⊥
(
(ΩT )
⊥
)
= ⊥
(
S⊥
)
by Corollary (1.5). Therefore, by Theorem (1.4) (ii), every element
of S is a direct summand of aΩ+T -filtered module, whereΩ
+
T := ΩT ∪{Λ}. Note also that
TorΛ>1(Λx, T ) = o (because Λx is flat over Λ) and Tor
Λ
>1(Λ, T ) = o (because x is regular
on Λ and T ). Therefore,PTx := Λx ⊗Λ P is a projective resolution of the Λx-module Tx
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and PT := Λ ⊗Λ P is a projective resolution of the Λ-module T . Let ΩTx be the set of
syzygy modules of the Λx-module Tx with respect to PTx , and likewise let ΩT be the set
of syzygy modules of the Λ-module T with respect to PT .
STEP 2. By the preceding step we already know that the Λ-module T satisfies con-
ditions (P1) and (P3) in the definition of a partial tilting module; cf. (1.11). Thus, in
order to complete the proof, we only need to show that for every cardinal number κ,
Ext>1Λ (T, T
(κ)) = o or equivalentlyT (κ) ∈ T⊥∞ . But this amounts toExt1Λ(C, T
(κ)) = o
for every C ∈ S, because T⊥∞ = S⊥. Let C ∈ S and note that C is a direct sum-
mand of a Ω+T -filtered Λ-module. Since Λx is flat over Λ, the Λx-module Cx is a di-
rect summand of a Ω+Tx -filtered module, where Ω
+
Tx
:= ΩTx ∪ {Λx}. Furthermore,
since x is non-zero-divisor on every member of Ω+T , an easy argument based on trans-
finite induction shows that x is also non-zero-divisor on C. Thus TorΛ>1(Λ, C) = o
which implies that the Λ-module C is a direct summand of a Ω+
T
-filtered module, where
Ω
+
T
:= ΩT ∪ {Λ}. On the other hand, since by the hypothesis Tx and T are tilting
modules, Ext>1Λx
(
Tx, T
(κ)
x
)
= Ext>1
Λ
(
T , T
(κ))
= o. Therefore, ΩTx ⊆
⊥
(
T
(κ)
x
)
and
ΩT ⊆
⊥(T
(κ)
). These inclusions in view of Eklof Lemma (1.2), imply that Cx ∈
⊥
(
T
(κ)
x
)
and C ∈ ⊥(T
(κ)
). That is, Ext1Λx(Cx, (Tx)
(κ)) = Ext1
Λ
(
C, (T )(κ)
)
= o which implies
by Proposition (2.5) that Ext1Λ(C, T
(κ)) = o.
We have thus proved that the Λ-module T is a partial tilting module. In particular, T is
a direct summand of some tilting module by Remark (1.12). 
(2.11). Remark. A couple of remarks are in order regarding the hypotheses of Theo-
rem (2.10):
(i) Rings over which every module of finite flat dimension is also of finite projective
dimension are abundant. Examples are: perfect rings (in particular, artin alge-
bras), rings with finite (big) finitistic projective dimension (in particular, com-
mutative noetherian rings of finite Krull dimension) by [22, Proposition 6], and
right-noetherian algebras admitting a “dualizing complex” (see [23]).
(ii) The conditions imposed on T and EndΛ(T ) seem to be relatively natural: In-
deed, “being finitely generated over the endomorphism ring” is a necessary con-
dition for a module to be tilting (this could easily be deduced from [2, Proposi-
tion (1.2)]). This, to some extent, justifies the finiteness condition imposed on T .
On the other hand, the endomorphism ring of a (partial) tilting module is not nec-
essarily left-noetherian (consider a non-right-noetherian ring as a tilting module).
To the best of our knowledge, little is known about chain conditions of endomor-
phism rings of non-classical tilting or partial tilting modules. Thus, if nothing
else, one can give our hypotheses the benefit of the doubt.
We conclude with the following application of our results, which illustrates a kind of
“tilting exchange” among rings.
(2.12). Example. Suppose that Λ is a filtered ring with the filtration · · · ⊂ FnΛ ⊂
Fn+1Λ ⊂ · · · . Let R(Λ) :=
⊕
n∈Z FnΛ and Gr(Λ) :=
⊕
n∈Z
FnΛ
Fn−1Λ
be the Rees ring
and the associated graded ring of Λ respectively. The element 1 ∈ F1Λ corresponds to a
central regular element x in R(Λ), and there are ring isomorphisms R(Λ)x ∼= Λ[x, x
−1]
andR(Λ)/xR(Λ) ∼= Gr(Λ). Now suppose that T is a graded module overR(Λ) and that
x is regular on T . Then by our results (cf. Theorem (2.1) and Theorem (2.8)), if T is a
(classical) tilting module overR(Λ), then Tx is a (classical) tilting module over Λ[x, x
−1]
and T/xT is a (classical) tilting module over Gr(Λ). It is worth noting that under our
assumption, the tilting R(Λ)-module T is “extended” in the sense that there is a filtered
Λ-module M which is tilting and its associated Rees module R(M) is isomorphic to T .
Indeed, the functorR(−) from the category of filteredΛ-modules to the category of graded
TILTING MODULES UNDER SPECIAL BASE CHANGES 15
R(Λ)-modules is fully faithful and its essential image is the full subcategory of x-torsion-
free graded modules (see e.g. [21]). As T lies in the essential image ofR(−), there exists
a filtered Λ-moduleM with R(M) ∼= T . On the other hand, there is a ring isomorphism
Λ ∼= R(Λ)/(1 − x)R(Λ) under which M ∼= R(M)/(1 − x)R(M) ∼= T/(1 − x)T as
Λ-modules (c.f. loc. cit.). Now, considering the grading, it is clear that 1 − x is a central
element which is regular on both R(Λ) and T . Thus Theorem (2.8) shows that M is a
tilting module over Λ.
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